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Friedman and Ko (82/84):
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Integrating a function ↔ FP vs. #P.
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Ziegler et al (2014))
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Integration is exponential- but not
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PDEs

Theorem (Pour-El, Richards 1989)

There is a computable function f such that the solution of the
wave equation

∆u =
∂2u

∂t2

u(0) = f

∂u

∂t
= 0

is not computable at time 1.



The model of computation C([0, 1]) Lp(Ω) Metric spaces Wm,p

Lp -spaces

Lp([0, 1]):

Functions f : [0, 1]→ R such that

‖f ‖p :=

(

∫ 1

0
|f (t)|pdt

) 1
p

<∞

‖f ‖p is a norm and Lp([0, 1]) a Banach space.
(if we identify functions that coincide almost everywhere).

L∞([0, 1]) : bounded functions with supremum norm.
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Metric entropy
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Nε(K ) : # of ε-Balls to cover.
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2
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|K | : N→ N
length of ε 7→ Nε(K ).



The model of computation C([0, 1]) Lp(Ω) Metric spaces Wm,p

Metric entropy

K ⊆ M compact subset of metric space.

Kolmogorov and Tikhomirov (1961)

Nε(K ) : # of ε-Balls to cover.

N 1
2
(K ) ≤ 11

|K | : N→ N
length of ε 7→ Nε(K ).



The model of computation C([0, 1]) Lp(Ω) Metric spaces Wm,p

Metric entropy

K ⊆ M compact subset of metric space.

Kolmogorov and Tikhomirov (1961)

Nε(K ) : # of ε-Balls to cover.

N 1
2
(K ) ≤ 11

|K | : N→ N
length of ε 7→ Nε(K ).

K



The model of computation C([0, 1]) Lp(Ω) Metric spaces Wm,p

Metric entropy

K ⊆ M compact subset of metric space.

Kolmogorov and Tikhomirov (1961)

Nε(K ) : # of ε-Balls to cover.

N 1
2
(K ) ≤ 11

|K | : N→ N
length of ε 7→ Nε(K ).

K



The model of computation C([0, 1]) Lp(Ω) Metric spaces Wm,p

Metric entropy

K ⊆ M compact subset of metric space.

Kolmogorov and Tikhomirov (1961)

Nε(K ) : # of ε-Balls to cover.

N1(K ) =?

N 1
2
(K ) ≤ 11

|K | : N→ N
length of ε 7→ Nε(K ).

K



The model of computation C([0, 1]) Lp(Ω) Metric spaces Wm,p

Metric entropy

K ⊆ M compact subset of metric space.

Kolmogorov and Tikhomirov (1961)

Nε(K ) : # of ε-Balls to cover.

N1(K ) =?

N 1
2
(K ) ≤ 11

|K | : N→ N
length of ε 7→ Nε(K ).

K



The model of computation C([0, 1]) Lp(Ω) Metric spaces Wm,p

Metric entropy

K ⊆ M compact subset of metric space.

Kolmogorov and Tikhomirov (1961)

Nε(K ) : # of ε-Balls to cover.

N1(K ) =?

N 1
2
(K ) ≤ 11

|K | : N→ N
length of ε 7→ Nε(K ).

K



The model of computation C([0, 1]) Lp(Ω) Metric spaces Wm,p

Metric entropy

K ⊆ M compact subset of metric space.

Kolmogorov and Tikhomirov (1961)

Nε(K ) : # of ε-Balls to cover.

N1(K ) =?

N 1
2
(K ) ≤ 11

|K | : N→ N
length of ε 7→ Nε(K ).

K



The model of computation C([0, 1]) Lp(Ω) Metric spaces Wm,p

Metric entropy

K ⊆ M compact subset of metric space.

Kolmogorov and Tikhomirov (1961)

Nε(K ) : # of ε-Balls to cover.

N1(K ) ≤ 3

N 1
2
(K ) ≤ 11

|K | : N→ N
length of ε 7→ Nε(K ).

K



The model of computation C([0, 1]) Lp(Ω) Metric spaces Wm,p

Metric entropy

K ⊆ M compact subset of metric space.

Kolmogorov and Tikhomirov (1961)

Nε(K ) : # of ε-Balls to cover.

N1(K ) ≤ 3

N 1
2
(K ) ≤ 11

|K | : N→ N
length of ε 7→ Nε(K ).

K



The model of computation C([0, 1]) Lp(Ω) Metric spaces Wm,p

Metric entropy

K ⊆ M compact subset of metric space.

Kolmogorov and Tikhomirov (1961)

Nε(K ) : # of ε-Balls to cover.

N1(K ) ≤ 3

N 1
2
(K ) ≤ 11

|K | : N→ N
length of ε 7→ Nε(K ).

K



The model of computation C([0, 1]) Lp(Ω) Metric spaces Wm,p

Metric entropy

K ⊆ M compact subset of metric space.

Kolmogorov and Tikhomirov (1961)

Nε(K ) : # of ε-Balls to cover.

N1(K ) ≤ 3

N 1
2
(K ) ≤ 11

|K | : N→ N
length of ε 7→ Nε(K ).

K



The model of computation C([0, 1]) Lp(Ω) Metric spaces Wm,p

Arzela-Ascoli and Frechet Kolmogorov

C ([0, 1]) :

K∞C ,l :=
{
f | mod. of size l , ‖f ‖ ≤ 2C

}
Theorem (Timan 67)

2l(n−1) . |K∞C ,l |(n) . 2l(n)+1 + n + C

Lp([0, 1]) :

Kp
l := {f | Lp-mod. of size l}

Theorem

2l(n−3).|Kp
l |(n).2l(n+2)+l(0)+n+l(0)

x

y

0 1

 convolution smoothing.

 use previous Theorem.

 use coding theory.
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Computing on metric spaces

Theorem

Let M be a compact metric space.

The following are equivalent:

1 |M| . µ.

2 There exists a short encoding of M such that the metric is
computable in time µ.

Corollary

There does not exist an encoding of the Lipschitz functions that
has short names and renders the supremum norm polynomial time
computable.

Corollary

The set of functions getting a short name in the encoding of Lp is
so big that no other encoding of it computes the metric faster.
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C 1([0, 1]) ( W 1,p ( C ([0, 1]),

‖f ‖1,p := ‖f ‖p + ‖f ′‖p  W 1,p Banach space.
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Computing on Sobolev spaces

Wm,p : replace Lp-mod. of f by Lp-mod of f (m).

Theorem

The following are polynomial time computable:

The inclusion Wm,p ↪→ C([0, 1]).

The inclusion Wm,p ↪→Wm−1,p.

Differentiation d
dx : Wm,p →Wm−1,p, f 7→ f ′.

Lemma

Lp-modulus of f ′  modulus of continuity of f .

mod. of cont. + ‖f ‖∞ bnd.  Lp-modulus.
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The model of computation C([0, 1]) Lp(Ω) Metric spaces Wm,p

Computing on Sobolev spaces

Thanks!
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